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Analysis and differential equations individual

Problem 1. Assume U is a bounded smooth open set, q ∈ [1,∞) and fk ⇀ f weakly in Lq(U)
and fk → f a.e in U, then limk→∞

(
∥fk∥Lq(U) − ∥fk − f∥Lq(U)

)
= ∥f∥Lq(U).

Problem 2. Let Ω be a proper (nonempty and ̸= C) region of C which is simply
connected. Let D be the unit disc and z0 ∈ Ω, and

F = {f |f : Ω → D holomorphic, injective and f(z0) = 0}

One strategy of proving the (existence part of the) Riemann mapping theorem is that
the desired map f satisfies

f ′(z0) = sup
g∈F

|g′(z0)|.

Try to explain the proof following this strategy as detailed as possible.

Problem 3. Assume that u solves the nonlinear heat equation

ut =
uxx

u2
x
in R× (0,∞)

with ux > 0. Find a transformation which changes the above equation into a linear
PDE.

Problem 4. Let ϕ ∈ C∞([0, T ],Rn) be a solution of linear wave equation

n∑
α,β=0

gαβ∂α∂βϕ = F,

where ∂α := ∂
∂xα

, α = 0, 1, 2, · · · , n, t = x0, g
αβ, F are smooth functions in [0, T ]× Rn,

gαβ is symmetric and

sup
[0,T ]×Rn

∑
α,β

|gαβ − ηαβ| < 1

2022
,

where η00 = −1, ηii = 1, i = 1, 2, · · · , n and ηαi = 0 otherwise. Show that there is a
constant C depending only on n such that for any t ∈ [0, T ],

∥∂ϕ(t, ·)∥L2(Rn) ≤ C

(
∥∂ϕ(0, ·)∥L2(Rn) +

∫ t

0

∥F (s, ·)∥L2(Rn)ds

)

× exp

(∫ t

0

∑
α,β

∥∂gαβ(s, ·)∥L2(Rn)ds

)
,

here |∂f |2 :=
∑n

α=0 |∂αf |2.


